A fluid theory has been developed by taking account of gyro-viscosity to study wave propagation characteristics in a homogeneous pair-ion magnetized plasma with a cylindrical symmetry. The exact dispersion relations derived by the Hankel-Fourier transformation are shown comparable with those observed in the experiment by Oohara and co-workers.
I. Introduction
The pioneering experimental studies on propagation properties of electrostatic waves in pair-ion plasmas 1−5 have been explained by a kinetic theory 6, 7 , which shows the importance of the finite Larmor radius effects and suggests that a fluid theory can reproduce the experimental results so long as the fundamental waves are concerned if the finite Larmor radius effects are properly taken into account. The main point of the experiment is backward waves which had been left unexplained after a number of theoretical works 8−14 . The frequency ranges of the main backward waves are discretized as ω ≤ Ω and 3Ω ≤ ω ≤ 5Ω,
where Ω is the ion cyclotron frequency. This indicates that the backward waves are related to the higher harmonics of the ion cyclotron waves inherent to a kinetic theory.
Thus the kinetic theory developed by the present authors is indispensable to understand- In the pair-ion plasmas used in the experiments the Larmor radii of positive and negative ions are not different and their dynamics are the same except for the rotation direction of the cyclotron motion. However the finite Larmor radius brings the difference in the velocity of the neighboring parts of the fluid and the velocity shear drives the momentum transfer through the gyro-viscosity. The gyro-viscosity is invariant with respect to time reversal in contrast to the collisional viscosity which is not invariant under time reversal. Therefore the gyro-viscosity is included in the real part of the dispersion relation while the collisional viscosity is included in the imaginary part of the dispersion relation. This indicates that the gyro-viscosity may reflect the finite Lamor radius effects to modify the usual mode behavior, and some of the puzzling features observed in the experiments 1−5 could be explained even within the fluid theory.
In unbounded plasmas the gyro-viscosity coefficients for directions perpendicular and parallel to a magnetic field are given by Braginskii, and they read η α⊥ = v 2 T α /2Ω α and η α = v 2 T α /Ω α , respectively. Here, Ω α = e α B/m α c and v 2 T α = T α /m α and α denotes the species of the particle. These gyro-viscosity coefficients are obtained under the condition that the Larmor radius is much smaller than the plasma scale length. In the plasma used in the experiments, however, the Larmor radius is around 1/2 of the plasma radius and the conventional gyro-viscosity may be modified. But we shall assume that the gyro-viscosity coefficients η α⊥ and η α are applicable to the present problem, and we shall check if the theory meets the experimental results. In this case the gyro-viscosity is renormalized into the cyclotron frequency in a way
, where ρ α = v T α /Ω α is the Larmor radius, and it may suppress the thermal dispersion term.
It will be shown that the gyro-viscosity converts the ion cyclotron wave from forward to backward. In a cylindrical coordinate system the Hankel transformation is a key tool to renormalize the gyro-viscosity into the cyclotron frequency and yield an exact dispersion equation which is readily solved. This is a definite advantage of our fluid theory over the kinetic theory.
In Sec. II, starting from a two-fluid model of singly charged positive and negative ions with the same mass, the dispersion equation is obtained by introducing the Fourier-Hankel transformation. In Sec. III the dispersion equation is solved to give dispersion relations which are shown in Sec. IV to be comparable with the experimental ones of the low and high frequency waves. Discussion is given in the last section.
II. Basic Equations in a Cylindrically Symmetric Homogeneous System
We start with the basic equations for a two-fluid plasma of singly charged positive and negative ions immersed in an external magnetic field in the axial direction of a cylinder. Since the masses of both ions are large, in the following the gyro-viscosity is taken into account but not the collisional viscosity because we may assume that the cyclotron frequencies are large compared with the collision frequency. Our starting fluid equations are:
Here, α denotes positive and negative ions and π is the gyro-viscosity tensor given by
where z is the unit vector parallel to the magnetic field. The Poisson equation together with the continuity equation reads as
In a cylindrical system the equation of motion is rewritten through its three components as
where the potential φ is used instead of the electric field E with a normalization ϕ α = e α φ/T α . The continuity equation reads
It is worthwhile to note that linearized equations eqs. (6) and (7) are combined to give
which is a Schrodinger type of wave equation and not a diffusion equation. Thus the gyroviscosity is irrespective of the dissipative effect.
III. Linear Dispersion Relations
We consider a plasma confined in a cylindrical vessel whose radius R is 4 cm and the axial length is 90 cm. Although the plasma is confined in a narrow vessel we assume that the background density is constant. The external magnetic field is assumed constant as well. In the experiments only longitudinal waves are excited whose dispersion relations are measured. However we study general cases where waves propagate in the z direction parallel to the magnetic field as well as in the azimuthal direction and the radial structures have to be determined by eigenvalue equations.
First we introduce the Hankel transform which is the best tool in a cylindrical coordinate system and converted from the Fourier transform in a Cartesian coordinate system.
where J (k ⊥ r) is the Bessel function of the first kind. Thus the physical quantities in a cylindrical system are expressed as:
A set of linearized equations are obtained from Eqs. (6)- (8) as follows:
and we have used the relation
Here, the gyro-viscosity is re-normalized into the cyclotron frequency to reduce the magnetic field. The Larmor motion driven by the local potential makes the neighboring parts of the fluid experience the different phase of the potential and is to lose the ordered motion during the time scale ω −1 of the local potential. This is because the plasma particles lose their memory of transverse ordered velocity in a time ω −1 , during which they are displaced by a distance of the order of the Larmor radius. Equations (13)- (15) are rewritten as
where
Substituting Eqs. (18)- (20) into the continuity equation (9) leads to
The electric displacement D is obtained from Eq. (5) 
Then Eq. (5) gives
from which the Bessel function is shown an eigenfunction and a subsidiary condition is given by
which determines the relation between k ⊥ and k z .
The plasma considered here is a singly ionized fullerene plasma where masses and the temperatures of positive and negative ions are the same: Ω 
The subsidiary condition Eq. (28) may be replaced by Eq. (29). Here K ⊥ , K ⊥2 and K z are rewritten as
Since the plasma is detached from the wall, the boundary conditions are that the normal displacement (D r,in = D r,out ) and tangential electric field (E θ,in = E θ,out ) are continuous at the plasma boundary r = r * . Outside the plasma the potential is determined by the Laplace equation ∇ 2 φ out = 0 with the condition φ out (R) = 0 at the wall r = R, and the solution is
given by
where K and I are the modified Bessel functions of the first and second kind. The continuity conditions of the normal displacement and the tangential electric field are given by
and which is supplemented by the subsidiary condition Eq. (29) which reads
The dispersion relations are obtained by solving Eq. (38) and substituting the solutions into Eq. (39) to determine k ⊥ against k z . Equations (38) is simply solved to give the upper hybrid wave, cylindrical Langmuir wave, ion cyclotron wave, and ion sound wave as
This dispersion relation is discussed in detail in the next section.
IV. Linear Eigenmodes in a Pair-Ion Plasma
The plasma parameters which we use are the same as those used in the experiment; the The dispersion relation Eq. (40) has basically four different solutions, i.e., the ion sound, ion cyclotron, upper hybrid, and cylindrical ion Langmuir waves depending on the set of the wavenumbers (k ⊥ , k z ) for which G(k ⊥ , k z ) periodically changes with respect to k ⊥ from −∞ to ∞. Each of the modes has several sub branches. However k ⊥ is limited to k ⊥ r * ≤ j 01
where j 01 is the first zero of the Bessel function J 0 (k ⊥ r * ) since the radial profile of the observed potential does not have nodes,
Under the condition Eq. (41), the sub branches belonging to each mode are mostly prohibited but G(k ⊥ , k z ) changes from −∞ to ∞. From Eq. (39) the dispersion relation is approximately given as 
VI. SUMMARY AND CONCLUSION
Although the kinetic theory 6−7 has been already developed to identify the dispersion relations observed in the experiment, indicating that the finite Larmor radius effects are essential for the excitation of backward waves, the kinetic theory is so involved in exact 
